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We propose a mechanism of robust BCS-like superconductivity in graphene placed in the vicinity
of a Bose-Einstein condensate. Thus electrons in graphene interact with the excitations above the
condensate, called the Bogoliubov quasiparticles (or bogolons). It turns out that bogolon-pair-
mediated interaction allows us to surpass the long-standing problem of vanishing density of states
of particles with a linear spectrum in the vicinity of the Dirac points. It results in a dramatic
enhancement of the superconducting properties of graphene while keeping its relativistic dispersion.
We study the behavior of the superconducting gap and calculate critical temperatures in the cases
of single-bogolon and bogolon-pair-mediated pairing processes, accounting for the complex band
structure of graphene. Surprisingly, both intravalley and intervalley bogolon-mediated pairings turn
out equally possible.
Graphene is conventionally accepted as a two-
dimensional (2D) material [1] with extremely high con-
ductivity [2, 3]. Its chemical potential can be controlled
by an external electric field, which makes it possible
to choose the type of the carriers of charge. Electrons
and holes in graphene represent massless relativistic par-
ticles [4] described by the 2D Dirac equation, which
opens perspectives for outstanding transport character-
istics and allows for the study of the interplay between
relativity and superconductivity [5]. One interesting con-
sequence of this interplay is the specular Andreev reflec-
tion in graphene-superconductor junctions [6], which is
not typical for normal metal-superconductor junctions,
where instead retroreflection takes place. When graphene
is deposited on a substrate, it can adopt the properties
of the latter, such as ferromagnetism and superconduc-
tivity, which can be induced in graphene due to the prox-
imity effect [7, 8], even though neither superconductivity
nor ferromagnetism belong to the set of intrinsic proper-
ties of graphene. All this makes hybrid graphene-based
structures, such as graphene-superconductor interfaces,
an intense topic of research, which can be broadly called
mesoscopic transport in graphene. In particular, it brings
in the term mesoscopic superconductivity [9].
Why is bare graphene not intrinsically superconduct-
ing? The primary reasons are the absence of electron-
electron screening at small electron densities and the
smallness of the electron density of states [10], which
is linear in energy and thus it vanishes at the Dirac
point. As a consequence, the electron-phonon interaction
in graphene is strongly suppressed [11]. And since the
Bardeen-Cooper-Schrieffer (BCS) electron pairing below
the transition temperature Tc involves basically the same
matrix elements of electron-phonon interaction as the
scattering matrix elements above Tc [12–14], there might
be no BCS superconductivity in graphene but for the
induced one. The bigger are the matrix elements of
electron-phonon interaction, the larger the gap opens,
and the larger is Tc [15], which are the benchmarks of
robust superconductivity. In other words, “good” con-
ductors such as gold, copper or graphene are “bad” su-
perconductors.
Recently, there have been reported ways to turn a
multi-layer graphene into a superconductor by twisting
the bilayer graphene [16, 17] or depositing it on a SiC
substrate [11]. A trilayer graphene under a vertical dis-
placement field also exhibits superconductivity [18]. All
these approaches are targeted at increasing the electron
density of states at the Fermi energy by building a flat
band [19–21], including the recent progress in photonic
graphene [22]. Unfortunately, it usually destroys the rel-
ativistic aspect of the problem since the dispersion of
graphene remains no longer linear [23].
In this Letter, we propose a non-conventional mech-
anism of (i) strong electron scattering (above Tc) and
(ii) electron-electron pairing interaction (below Tc) in
graphene, beyond the acoustic phonons and impurity
channels [24]. We consider a hybrid system consisting of
graphene and a 2D Bose-Einstein condensate (BEC) [25–
28] and show, that resistivity of graphene in its normal
(non-superconducting) state becomes dominantly con-
trolled by the condensate. The excitations above the
BEC, called Bogoliubov quasiparticles or bogolons, pos-
sess properties of sound. We show, that bogolon-pair-
mediated resistivity turns out to be orders of magnitude
larger than that of any other scattering processes in the
system. It makes us guess that graphene might acquire
strong superconducting (SC) properties below Tc and in
the vicinity of Dirac points due to the bogolon-mediated
(as opposed to acoustic phonon-mediated) pairing of elec-
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2FIG. 1. System schematic: A hybrid system consisting of an
electron gas in graphene (top layer) separated by the distance
l from a two-dimensional Bose-Einstein condensate, repre-
sented by indirect excitons, where n-doped (red) and p-doped
(blue) layers are separated by a spacer with the thickness d.
The electrons in graphene and the excitons are coupled by the
Coulomb force.
trons. We check this assumption and prove it valid. This
way one state of matter (Bose condensate) can induce
another state of matter (SC condensate) in graphene,
avoiding a twist and keeping its relativistic dispersion.
Let us consider the system consisting of a 2D electron
gas in graphene and a layer of the exciton gas (Fig. 1).
The layers are spatially separated and the particles are
coupled by the Coulomb interaction [29, 30], described
by the Hamiltonian
H =
∫
dr
∫
dRΨ†rΨrg (r−R) Φ†RΦR, (1)
where Ψr and ΦR are the field operators of electrons and
excitons, respectively, g (r−R) is the Coulomb interac-
tion strength, r and R are the in-plane coordinates of the
electron and exciton center-of-mass motion, respectively.
Furthermore, let us assume the excitons to be in the
BEC phase. Then we can use the model of a weakly
interacting Bose gas and split ΦR =
√
nc+ϕR, where nc
is the condensate density and ϕR is the field operator of
the excitations above the BEC. Then Eq. (1) breaks into
three terms,
H1 = √nc
∫
drΨ†rΨr
∫
dRg (r−R)
[
ϕ†R + ϕR
]
,
H2 =
∫
drΨ†rΨr
∫
dRg(r−R)ϕ†RϕR, (2)
and H3 = gnc
∫
drΨ†rΨr, which gives a small correction
to the Fermi energy µ and can usually be disregarded [31].
We now can express the field operators of bosonic exci-
tations as the Fourier series of the linear combinations of
bogolon annihilation (creation) operators bq(b
†
q),
ϕR =
1
L
∑
p
eip·R(upbp + vpb
†
−p), (3)
where L is a characteristic size, and the Bogoliubov co-
efficients read [32]
u2p = 1 + v
2
p =
1
2
1 + [1 + (Ms2
ωp
)2]1/2 ,
upvp = −Ms
2
2ωp
,
with M the exciton mass, s =
√
κnc/M the sound
velocity of Bogoliubov quasiparticles, κ = e20d/2d the
exciton–exciton interaction strength in the reciprocal
space, e0 the electron charge, d the dielectric constant,
ωp = ~sp(1 + p2ξ2h)1/2 the spectrum of bogolons with
p = |p|, and ξh = ~/2Ms the healing length.
Since the electron spectrum in graphene consists of two
nonequivalent cones with the minima at the Dirac points
K and K′, we can define the electron field operator as
Ψr =
1
L
∑
k,σ
(
ei(K+k)·rc1,k,σ + ei(K
′+k)·rc2,k,σ
)
, (4)
where cα,k,σ are electron annihilation operators with
α = 1, 2 the valley index and σ =↑, ↓ the electron spin
projection. Using Eqs. (2)-(4), we find
H1 = √nc
∑
k,p
∑
α,β,σ
gαβp
L
[
(v−p + up)bp (5)
+ (vp + u−p)b
†
−p
]
c†α,k+p,σcβ,k,σ,
H2 =
∑
k,p,q
∑
α,β,σ
gαβp
L2
[
uq−puqb
†
q−pbq + uq−pvqb
†
q−pb
†
−q
+ vq−puqb−q+pbq + vq−pvqb−q+pb
†
−q
]
c†α,k+p,σcβ,k,σ,
where gαβp is the Fourier image of the electron-exciton in-
teraction. The terms H1 and H2 describe single-bogolon
(1b) and bogolon-pair (2b)-mediated processes, corre-
spondingly. Before considering the SC properties of
graphene, let us, first, study its transport properties in
the normal state of the electron gas.
Bogolon-pair-mediated resistivity. Let us assume that
the ambient temperature is above the critical temper-
ature of SC transition but not too high (smaller than
∼ 200 K), thus we can neglect the intervalley scatter-
ing [33] and thus put gαβp = gpδαβ in Eq. (5). To study
the resistivity of graphene in the normal state, we will fol-
low the Bloch-Gru¨neisen approach [34, 35]. The deriva-
tion starts with the Boltzmann equation (see Supplemen-
tal Material for the detailed derivation [36])
e0E · ∂fp~∂p = I{fp}, (6)
where fp is the nonequilibrium electron distribution func-
tion, E is a probe electric field, and I{fp} is the collision
integral describing 2b-mediated scattering processes (the
1b scattering has been studied elsewhere [31]).
3(a) (b)
FIG. 2. (a) 1b-mediated (dashed) and 2b-mediated (solid)
resistivity of graphene as a function of temperature for the
exciton condensate densities nc = 10
8 (black) and 109 cm−2
(red). Vertical lines show the Bloch-Gru¨neisen temperature
(for the curves of the same color). Other parameters are:
d = 3.5 nm, l = 10 nm and ne = 1.0 × 1012 cm−2. (b)
2b-mediated resistivity of graphene with (solid) and without
(dashed) the temperature correction to the condensate den-
sity, n˜c = nc
[
1 − (T/TBEC)2
]
with Tc = 100 K for MoS2.
Other parameters are the same as in (a).
The resistivity reads the general definition [24],
ρ−1 = e20D (µ) v
2
0/2τ0, where τ0 is an effective elec-
tron scattering time, v0 is the Fermi velocity, D(µ) =
(gsgv/2pi~2)µ/v20 is the density of states in graphene at
the energy µ = ~v0pF , pF =
√
4pine/gsgv is the Fermi
wave vector with ne the concentration of electrons in
graphene, gs = 2 and gv = 2 the spin and valley g-factors.
Finally, we find the bogolon-pair-mediated resistivity of
graphene,
ρ∨ =
s2M2
16pi2e20v
2
0(~pF )3
∞∫
L−1
dp|gp|2p2
sinh2
(
~sp
2kBT
) ln (pL) , (7)
where the symbol ∨ reflects the linear spectrum (thus
the doping µ is assumed to be smaller than 1 eV);
gp = e
2
0(1 − e−pd)e−pl/2dp; and we accounted for the
infrared divergence [37]. Formula (7) contains the first
important result of this Letter. Figure 2 shows the com-
parison between the contributions of 2b and 1b [31] scat-
tering processes to the resistivity of graphene. Building
the curves, we account for the decay of the condensate
density with temperature [38], n˜c = nc
[
1− (T/TBEC)2
]
.
We conclude, that 2b processes dominate over 1b scat-
tering in the whole temperature range.
Bogolon-pair-mediated superconductivity. Now, let us
decrease the temperature below some Tc and find the SC
gap, considering a singlet pairing. Using Schriffer-Wollf
transformation we find an effective Hamiltonian for 1b or
2b pairings (λ = 1b, 2b),
H(λ)eff = H0 + (8)
+
∑
k,k′,p
∑
σ,σ′
∑
α,β
V αβλ (p)
2L2
c†α,k+p,σcβ,k,σc
†
α,k′−p,σ′cβ,k′,σ′
+
∑
k,k′,p
∑
σ,σ′
∑
α 6=β
Vλ(p)
2L2
c†α,k+p,σcα,k,σc
†
β,k′−p,σ′cβ,k′,σ′ ,
where H0 is a kinetic energy of electrons in graphene,
V 11λ (p), V
22
λ (p) = Vλ(p) are the matrix elements re-
sponsible for the intravalley electron scattering, and
V
12(21)
λ (p) = Vλ(p ∓ Q) are the intervalley scatterings
with Q = |K − K′| the momentum difference between
the Dirac points. The corresponding Feynman diagrams
for two-electron scattering are plotted in Fig. 3.
After algebraic calculations (see Supplemental Mate-
rial [36]), we find
V1b(p) = − nc
Ms2
g2p ≡ −χ1, (9)
V2b(p) = −χ2
p
1 + 8
pi
p/2∫
L−1
Nqdq√
p2 − 4q2
 , (10)
where in (9) we introduced χ1, and χ2 = M
2sg2p/4~3.
The term V1b(p) corresponds to the electron-electron
pairing with an exchange of single Bogoliubov excitation
of the BEC, whereas V2b(p) describes the electron pair-
ing mediated by an exchange of a pair of bogolons. To
derive these formulas, we followed the BCS approach and
εk,↑ εk′,↓
εk+q,↑ εk′−q,↓
V 11λ
(a)
εk,↑ εk′,↓
εk+q,↑ εk′−q,↓
V 22λ
(b)
εk,↑ εk′,↓
εk+q,↑ εk′−q,↓
Vλ
(c)
εk,↑ εk′,↓
εk+q,↑ εk′−q,↓
Vλ
(d)
εk,↑ εk′,↓
εk+q,↑ εk′−q,↓
V 12λ
(e)
εk,↑ εk′,↓
εk+q,↑ εk′−q,↓
V 21λ
(f)
FIG. 3. Feynman diagrams, illustrating intravalley (a-b) and
intervalley (c-f) pairings, in accordance with Hamiltonian (8).
Red and black lines describe electrons in K and K’ valleys,
respectively.
4considered constant attractive interaction between elec-
trons with energies smaller than a cut-off ωb = ~s/ξh,
which appears by analogy with the Debye energy in the
BCS theory. Since ξh ∼ 1/s and thus ωb ∼ s2 ∼ nc,
the typical energy scale of the attractive interaction can
be controlled by the density of the condensate, nc. In
order to satisfy the applicability of the BCS theory, we
also assume that ωb  ~v0/a, where a is the interatomic
distance in graphene [39].
From the comparison of Eqs. (9) and (10) we see, that
in contrast with the 1b-mediated superconductivity, the
strength of the 2b-mediated pairing potential contains an
additional temperature-dependent term, proportional to
the Bose distribution of bogolons, Nq ≡ [exp(~ωq/kBT )−
1]−1. Note, in (10) we introduced a cut-off L−1, which is
standard for 2D systems, to avoid logarithmic divergence
at small momenta [37].
Now, we are armed to proceed with the SC order pa-
rameter, which structure is nontrivial due to the presence
of two valleys [40]. Indeed, we can distinguish between
two SC gaps, diagonal and nondiagonal in valley indices:
∆ααλ and ∆
αβ
λ with α 6= β. They characterize the forma-
tion of Cooper pairs by electrons residing the same and
different valleys, correspondingly.
To figure out which type of pairing (intra- or interval-
ley) is more favorable in our system, we can solve the
system of Gor’kov’s equations,(
− ∂
∂τ
− ξp
)
Gˆ(p, τ) + ∆ˆλ(p)Fˆ †(p, τ) = 1, (11)(
− ∂
∂τ
+ ξp
)
Fˆ †(p, τ) + ∆ˆ†λ(p)Gˆ(p, τ) = 0,
where ξp = εp−µ with εp = ~v0p is the dispersion of elec-
trons in graphene; Gαα(p, τ) = −〈Tτ cα,p,↑(τ)c†α,p,↑〉 and
Fαβ(p, τ) = 〈Tτ cα,p,↓(τ)cβ,p,↑〉 are normal and anoma-
lous Green’s functions in imaginary time (τ = it) rep-
resentation, together with the equation for the SC gap
matrix in the valley space,
∆ˆλ(p) = −
∑
p
Vλ(p)
(
F 11 F 12
F 21 F 22
)
(p, 0) (12)
−1
2
∑
p,j=±
Vλ(p+ jQ)
(
0 F 12
F 21 0
)
(p, 0).
In order to make analytical estimations of the critical
temperatures of the intra- and intervalley pairings, let us
disregard the temperature-dependent term in Eq. (10)
and solve Eqs. (11), (12). We can consider two limiting
cases of low (|µ| < ωb) and high (|µ| > ωb) doping. If we
take |µ|  ωb, we find
T intrac = 1.13 ωb exp
(
− 4
V 11λ (pF )D(µ)
)
, (13)
T interc = 1.13 ωb exp
(
− 4
[V 11λ (pF ) + V
12
λ (pF )]D(µ)
)
.(14)
Obviously, both intra- and intervalley order parameters
(and the corresponding critical temperatures) are with a
good accuracy equal to each other due to the smallness
of V 12λ (pF ) = V
21
λ (pF ) ∝ g2Q. Indeed, g2Q is exponentially
suppressed due to large intervalley momentum Q. Thus,
we can put ∆ααλ = ∆
αβ
λ ≡ ∆λ/2. In the low-doping
regime, we come to the same relations.
Then, the equation for the BCS-like SC gap reads
1 =
1
2
∫
d2p
(2pi)2
|Vλ(p)|
ζp
[1− 2nF (ζp)], (15)
where ζp =
√
ξ2 + ∆2λ is the energy of quasiparticles in
the superconductor, and ξ = ±~v0p− µ is the spectrum
of electrons in doped graphene (where ± correspond to
the conduction and valence bands).
The 1b-mediated gap at zero temperature reads
∆
(0)
1b (|µ| > ωb) ≈ 2ωb exp
(
− 4
χ1D(µ)
)
, (16)
∆
(0)
1b (|µ| < ωb) ≈ 2|µ| exp
(
− 4
χ1D(µ)
+
ωb
|µ| − 1
)
. (17)
In equations above, we assumed pF d, pF l  1 and ex-
panded the exponential factors in g2p. This assumption
imposes a restriction on the maximal allowed value of ne
for considered distances d and l. Note, the SC gap (16)
has a standard form of the BCS gap, while the expres-
sion (17) is mostly determined by the doping µ rather
than ωb [39].
The 2b-mediated gap at zero temperature is the same
for both the limits of high and low dopings,
∆
(0)
2b ≈ 2ωb exp
(
−2pi~v0
χ2
)
. (18)
The order parameter (18) is orders of magnitude larger
than the SC gap mediated by the 1b processes. First and
foremost, Eq. (18) does not contain the density of states
of the Dirac electrons in graphene D ∝ |µ|. Second,
2b-mediated SC gap is not determined by the chemical
potential µ in the µ < ωb limit. Both of these features
appear due to the nature of the 2b-mediated electron in-
teraction, which matrix elements upvp ∝ (pξh)−1. As
a result, the emerging 1/p-term in the pairing poten-
tial (10) compensates the smallness due to D(µ) ∼ p.
Figure 4 illustrates the full numerical solution of Eq. (15)
for 2b processes and shows that both the SC gap and the
critical temperature grow with nc.
We should note, that our BCS-like theory is only appli-
cable as long as we are in the weak coupling regime [41],
which imposes a restriction χ2/2pi~v0 < 1, thus we use χ2
in the range (0.6− 1.0)2pi~v0. Otherwise, the Eliashberg
equations treating the strong coupling regime should be
used [42–44], which is beyond the scope of this Letter.
Conclusions. We have studied bogolon-mediated inter-
action of electrons in graphene in the vicinity of a two-
dimensional Bose-condensed dipolar exciton gas. In the
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FIG. 4. (a) Temperature dependence of the SC gap
for bogolon-pair-mediated processes with account of the
Nq-containing term (dashed) and without Nq contribution
(solid). We used the condensate density nc = 2.5 × 1011
(red) and nc = 2.0 × 1011 cm2 (black); the density of free
electrons ne = 1.0× 1011 cm−2 (thus µ > ωb); the separation
d = 1 nm. We also accounted for the temperature dependence
of nc: n˜c = nc
[
1− (T/TBEC)2
]
with TBEC = 100 K. (b) Crit-
ical temperature of SC transition as a function of conden-
sate density for bogolon-pair-mediated interaction with (red
dashed) and without (black solid) the Nq-containing contri-
bution.
normal state of graphene, we calculated the temperature
dependence of bogolon-mediated resistivity and found
that in such a hybrid system, the dominant scattering
mechanism is provided by the interaction with pairs of
Bogoliubov quasiparticles. Furthermore, we have studied
the bogolon-mediated electron pairing in graphene and
calculated the critical temperature of the superconduct-
ing transition. We have shown, that bogolon-mediated
electron interaction allows one to solve the problem of
smallness of the density of states in two-dimensional
Dirac materials at small momenta.
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